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Abstract 

Magical supergravities are a very special class of supergravity theories whose symmetries 
and matter content in various dimensions correspond to symmetries and underlying alge- 
braic structures of the remarkable geometries of the Magic Square of Preudenthal, Rozenfeld 
and Tits. These symmetry groups include the exceptional groups and some of their special 
subgroups. In this paper, we study the general gaugings of these theories in six dimensions 
which lead to new couplings between vector and tensor fields. We show that in the absence 
of hypermultiplet couplings the gauge group is uniquely determined by a maximal set of 
commuting translations within the isometry group SO{nT, 1) of the tensor multiplet sector. 
Moreover, we find that in general the gauge algebra allows for central charges that may have 
nontrivial action on the hypermultiplet scalars. We determine the new minimal couplings, 
Yukawa couplings and the scalar potential. 
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1 Introduction 



There exists a remarkable class of supergravity theories in D = 3,4,5,6, known as 
magical supergravities, [1, 2] whose geometries and symmetries correspond to those 
the Magic Square of Freudenthal, Rozenfeld and Tits [3, 4, 5]. In five dimensions 
these theories describe the coupling of = 2 supergravity to 5, 8 , 14 and 26 vector 
multiplets, respectively, and are the unique unified Maxwell-Einstein supergravity 
theories with symmetric target spaces. In D = Q they describe the coupling of a fixed 
number of vector multiplets as well as tensor multiplets to supergravity [6]. The scalar 
fields of these theories parametrize certain symmetric spaces in D = 3,4, 5 [1] that 
were later referred to as very special quaternionic Kahler, very special Kahler and 
very special real, respectively. Very special geometries have been studied extensively 
[7, 8, 9, 10]. See [11] for a review of these geometries, their relation to 6D theories 
and a more complete list of references on the subject.^ The magical theories in 
D = 6 are parent theories from which all the magical supergravities in D = 3,4,5 
can be obtained by dimensional reduction. The scalar coset spaces in all magical 
supergravities are collected in table 1. Stringy origins and constructions of some of 
the magical supergravity theories in various dimensions, with or without additional 
hypermultiplet couplings, are known [16, 17, 18, 19, 20, 21]. 



D = 6 D = 5 D = A D = 3 



50(9,1) -E'6(-26) . -E'7(-25) . -^8(-24) 

50(9) F4 ^ ^6X50(2) E7XSU{2) 

50(5,1) SU*{6) 50''(12) ^7{-5) 

SO{5) ^ USp{6) ^ (7(6) ^ SO{12)xSU{2) 

50(3,1) 5L(3,C) SU{3,3) g6(+2) 

50(3) ^ 50(3) ^ 5i7(3)x5C/(3)xC/(l) SU(6)xSU{2) 

50(2,1) 5L(3,R) 5p(6,R) J'4(+4) 

50(2) ^ 50(3) ^ U{3) ^ USp{6)xUSp{2) 



Table 1: Scalar target spaces of magical supergravities in 6,5,4 and 3 dimensions. 

Gaugings of magical supergravities have been investigated in D = 5 [22, 23, 24] as 

^In this paper we are only interested in the magical supergravity theories. The conditions for 
oxidation of a generic real geometry to six dimensions were studied in [12, 13] . The general conditions 
for oxidation of theories with 8 supercharges and symmetric target spaces , which include the magical 
theories, were studied in [14, 15]. 
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well as in 4 and 3 dimensions [25, 26, 27, 28, 29]. However, the gaugings associated 
with the isometries of the scalar cosets in D = 6 listed above have not been studied 
so far. In this paper, we aim to close this gap. The gauging phenomenon is especially 
interesting in this case since it involves tensor as well as vector multiplets such that 
the corresponding tensor and vector fields transform in the vector and spinor rep- 
resentations of the isometry group SO{nT,l), respectively. Furthermore, the vector 
multiplets do not contain any scalar fields. Including the coupling of hypermulti- 
plet couplings introduces additional subtleties with regard to the nature of full gauge 
group that are allowed by supersymmetry. 

We determine the general gauging of magical supergravities in six dimensions 
and show that in the absence of hypermultiplet couplings the gauge group is uniquely 
determined by the maximal set of (n^ — 1) commuting translations within the isometry 
group SO{nT,^)- In addition, a linear combination of these generators may act on 
the fermion fields as a U{1)r generator of the R-symmetry group Sp{1)r. In the 
general case, the gauge algebra allows for central charges that may have nontrivial 
action on the hypermultiplet scalars. We show that the emergence of central charges 
can be explained by the fact that the gauge group is a diagonal subgroup of {ut — 1) 
translational isometries and [ut — 1) Abelian gauge symmetries of the vector fields. 

The plan of the paper is as follows. In the next section, we give a review of the 
magical supergravity theories in six dimensions. In section 3 we determine the possible 
gauge groups and non-abelian tensor gauge transformations using the embedding 
tensor formalism and show that they are characterized by the choice of a constant 
spinor of SO{nT, 1). We also give a study of the relevant spinor orbits. In section 4, 
we elaborate on the structure of the gauge group by embedding the symmetries of the 
6D magical theories in the corresponding 5D magical supergravities. We then choose 
a particular basis and evaluate the gauge group generators in the vector /tensor- and 
hypersector. We then work out the Yukawa couplings and the scalar potential induced 
by the gauging. We conclude with comments on salient features of our results and 
open problems as well as a discussion of the stringy origins of magical supergravity 
theories in section 5. 

2 Ungauged 6D Magical Supergravity Theories 

2.1 Field Content of 6D Magical Supergravity Theories 

We consider the minimal chiral = (1,0) supergravity in 6D coupled to ut tensor 
multiplets, ny vector multiplets and uh hypermultiplets [30, 31, 13, 32, 33, 34]. We 
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shall group together the single 2-form potential of pure supergravity that has self- 
dual field strength, with 2-form potentials of the tensor multiplets that have anti- 
selfdual field strengths, and label them collectively as -B^^- Thus, the field content 
is 

supergravity and tensor multiplets : {e^, ■j/'^, 5^^, L^} , 
vector multiplets : {^^, A"^'} , 
hypermultiplets : {(jy^^^p^}, (2.1) 

with 



/ = 


0,1, 




a = 


1,... 




A = 


1,.., 


',nv , 


X = 


1,.., 


, , Ann , 


r = 


1,... 


, , 2nH ■ 



(2.2) 



The gravitino, tensorino and gaugino in addition carry the doublet index of the R- 
symmetry group Sp{1)r labeled by i = 1, 2. All fermions are symplectic Majorana- 
Weyl, where (^Z'^, A"^*) have positive chirality and {x°'\ have negative chirality. 
denotes a representative of the coset space Air = SO{nT, 1) / SOijiT) parametrized 
by riT real scalars. It has the tangent space group SO^Ut) with respect to which the 
tensorinos transform as a vector. The scalars 0^ parametrize a general quaternionic 
manifold Mq. We will discuss the structure of the scalar target spaces in the next 
two subsections. 

Magical supergravities exist for the particular values ut = 2, 3, 5, 9 with the vec- 
tors transforming in the spinor representation of SO{nT, 1), see table 2 for details and 
their explicit reality properties. A defining property of these theories is the existence 
of an SO{nT, 1) invariant tensor (the Dirac F-matrices for ut = 2,3, and Van 
der Waerden symbols for ut = 5, 9, respectively), giving rise to non-trivial couplings 
between vector and tensor fields, and satisfying the well-known identity 

^I{AB^C)D = • (2-3) 

These are the Fierz identities of supersymmetric Yang-Mills theories in the critical 
dimensions. 
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AS 


"^tcn 


50(9,1) 




MW 


AB 


10 


50(5, 1) X USp{2) 


(4., 2) 


SMW, A = (ar) 


^ ar,l3s ~ ^ afS^rs 


(6,1) 


50(3,1) X f/(l) 


(2,1)^ + (1,2)_ 


W, A = 


Ui, ; 


(2,2)o 


50(2,1) 


2 


M 
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Table 2: The first column shows the full global symmetry groups of the magical super- 
gravities, the second column gives the representation content of the vector fields under 
these groups, whose reality properties are listed in the third column: Majorana (M), Weyl 
(W), Majorana- Weyl (MW), symplectic Majorana- Weyl (SMW). The last column gives the 
two- form representation content. 



2.2 The Tensor Multiplet Scalars 

The riT scalars in the model parametrize the coset Ai = SO{nT,^)/ SO{nT)- It is 
convenient to introduce the coset representatives in the riy + 1 dimensional repre- 
sentation of the isometry group. We denote them by {Lj, L") and they obey the 
relations [6] 



(2.4) 



Lj — — 1 , L^Ljh — Sab 5 L^Lja — , 
/ = 0, 1, . . . ,nr , a = 1, . . . ,nT . 
Equation (2.4) can be equivalently written as 

-LiLj + LIL') = r]ij, (2.5) 
and the coset representative can be used to define the metric 

gij = LiLj + L'^jL'} , (2.6) 

and the tensors 

TTiAB = LjT'^B , rn'XB = L^iT'ab , (2-7) 
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with as given in Table 2, which will be used to parametrize the various couplings 
in the action. Note that m^^ = —LjV^^^ is the inverse matrix of rriAB ■ We should 
stress that throughout the paper raising and lowering of the SO{nT, 1) indices I, J, - ■ ■ 
are done with the Lorentzian metric rijj, and not the metric gu, and for the SO{nT) 
vector indices with 5ab- 

Next, we define the scalar current and SO{nT) composite connection as 

L'^d.Lj = P; , L'^^ d.L'l = Q;" , (2.8) 

where the covariant derivative in D^P^ involves the connection Q'^^. Integrability 
relations state that 

D[,P:^ = , Q;1 ^ 29[^Q,t + 2Qr;^?.? = -"^PlA ■ (2-9) 
It also follows from (2.8) that 

d,Li = P;L'\ , D,L1 = P^Li . (2.10) 

A parametrization of the coset representative which is convenient for the following 
can be given according to the decomposition (3-grading) 

50(nT,l) iV(;^_i)©(so(nT-l)©so(l,l))©iV+^_,) , (2.11) 

where the ± superscript refers to the so(l, 1) charges. We choose 

L = e^^^'^e"^, (2.12) 

with the {riT — 1) nilpotent generators G N'^^^_^y and the so(l, 1) generator A, 
normalized such that [A, Na\ = Na ■ With this parametrization, we obtain 

= e-^d,ip\ Pi = d,a, Qf = e-'^d,^^, (2.13) 

where the index a has been split into a — )■ {1, a} , with a = 2, . . . , rij- . 

2.3 Hypermultiplet scalars 

Supersymmetry requires the hyperscalar manifold AAq to be quaternionic Kahler [35]. 
Let us review the basic properties of quaternionic Kahler manifolds, following [36]. 
They have the tangent space group Spinu) x Spil)^, and one can introduce the 
vielbeins Vx and their inverse satisfying 

^7xyKf = ^rse^, , V^^V''^^ + {X^Y)= g^'^di , (2.14) 
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where qxy is the target space metric. An Spiriu) x Spil)^ valued connection is 
defined through the vanishing torsion condition ^ 

dxVvri + Ax/Vvsi + Axi'Vvrj - (X ^ F) = . (2.15) 

From the fact that the vielbein is covariantly constant, one derives that^ 

+ FxYij , (2.16) 

where Fij and Frs are the curvature two-forms of the Sp{1)r and Sp{nH) connection, 
respectively. 

The manifold has a quaternionic Kahler structure characterized by three locally 
defined (1, 1) tensors J^x^ {x,y,z = 1,2,3) satisfying the quaternion algebra 

r^yjVyZ = -s-vs^ + e'^y^rx^ . (2.17) 

In terms of the vielbein, these tensors can be expressed as 

= -t{a^),^ Vi,X] , (2.18) 

with Pauli matrices . We can define a triplet of two-forms J^y = J^x^Ozv, and 
these are covariantly constant as follows 

VxJ^z + e""'^x'^yz = 0, (2.19) 

with Ax = ^{cr^)i^Ax/ ■ For hh > 1, quaternionic Kahler manifolds are Einstein 
spaces, i.e. Rxy = ^Qxy- It follows, using (2.19), that [36] 

F^y = -^rxY ■ (2.20) 

Local supersymmetry relates A to the gravitational coupling constant (which we will 
set to one), and in particular requires that A < [35], exphcitly A = —{uh + !)• 
For uh = 1 all Riemannian 4-manifolds are quaternionic Kahler. Sometimes (2.20) 
is used to extend the definition of quaternionic Kahler to 4D, which restricts the 
manifold to be Einstein and self-dual [36]. 

Homogeneous quaternionic Kahler manifolds were classified by Wolf [37] and Alek- 
seevski [38]. For A > 0, they are the well known compact symmetric spaces, and for 



^Sp{n) refers to the compact symplectic group of rank n which is denoted as USp{2n) in some 
of the physics hterature. 

•^In our conventions, [Vx, Vy] Xz = Rxvz^ Xt ■ 
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A < they are noncompact analogs of these symmetric spaces, and non-symmetric 
spaces found by Alekseevskii [38]. There exists an infinite family of homogeneous 
quaternionic Kahler spaces that are not in Alekseevskii's classification. As was shown 
in [10] this infinite family of quaternionic Kahler spaces arises as the scalar man- 
ifolds of 3D supergravity theories obtained by dimensionally reducing the generic 
non- Jordan family of 5D , N = 2 Maxwell- Einstein supergravities discovered in [39]. 

Choosing A = —{tih + 1), and using Mj-' = —i{a^)i^ for any triplet M^, we 
have the relation 

FxYi' = -2V^xVY]ir . (2.21) 
Substitution of this relation into (2.16) and use of curvature cyclic identity gives [35] 



FxYrs — ^[x'^Y]i ( ^ilpr^^^qs + l^pgr-s) ; (2.22) 

where flpqrs is a totally symmetric tensor defined by this equation. 

For any isometry on the quaternionic Kahler manifold defined by a Killing vector 
field K-^ , one can define the triplet of moment maps [40] 

= -^ry^^xK^ , (2.23) 
Ann 

satisfying 

DxC" = dxC" + e'y' A\C' = .PxyK^ , (2.24) 

where in particular we have used (2.16). Using (2.18), we can write Ci^ = —i{a^)i^C^ 
as 

= --^ Kf K^'Vxi^^ . (2.25) 

ZUh 

As usual, these functions will later parametrize the Yukawa couplings and the scalar 
potential of the gauged theory. For later use, let us also define the function 

C/ = -IV.'fV^'VxK'' , (2.26) 

for a given Killing vector field i^^, which satisfies V xC/ = —FxYr^K^ , which may 
be shown in analogy with (2.24). 

We conclude this section by defining the notation 

= d,4>''V£ , = d.^P^'Al , = 9,0^ A- , (2.27) 

which will be used in the following sections together with the relations 

D, p^i — r\ n J — op^jp^ C) — pP'-p'i ( —OCi O _i_ O ('9 98"! 

v] ^ ' ^ ^ui u\ri 7 ^^ivrs [^^ v\i V Lp^^ Lqg -p ^Lpq^gj . ^^z,.z,oy 
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2.4 The Field Equation and Supersymmetry Transformations 

The bosonic field equation of tlie full tlieory including the hypermultiplets are given 
up to fermionic contributions by [32, 34] 

= , (2.29) 

= Gp, , (2.30) 

fi p —nr^ ^ P"'^ P"^ P O pri p 



-2mAB(F^,F/^ - ^-g.^F^^FP'^^'^ , (2.31) 



= D.P^'^ - -m^F^^F'^'^^ - -G^^G^'^'^ , (2.32) 



(2.35) 



= D^P^" , (2.33) 
= D4mABF^"'^) + imABG^_''' + ml^GTnF,'',, (2.34) 
where we have defined the 3-form and 2-form field strengths 

^iup = 3(9[^i?^^] + 3r^^F[^^yl^ , 
F^t = 2d[X] ■ 
and the projected field strengths 

G^up = Gj^up^i ' G^^^p = G^^^^pL'} , (2.36) 

and the superscripts ± in (2.29), (2.30) refer to the (anti-)selfdual part of the projected 
field strengths. The covariant derivatives acting on objects carrying the tangent space 
indices of the tensor and hyperscalar manifolds are defined as 

D^X" = d^X" + Ql'Xi + Q';>X'. , (2.37) 



10 



with the connections from (2.8), (2.27). The fermionic field equations, to hnear order 
in fermionic fields, take the form 

+ \mAB {Y^rX^'F^;) + -^H^^^^Y'X""' , (2.38) 

+ \g1.p1,^^p - l^lV: , (2.39) 

= YD,r + ^r''rG,.,-rY^,^P;:\ (2.40) 

+ \maABl'\^P; + -mABl'l'^'^.F^, , (2.41) 

where we have suppressed the Sp{1)r indices. The supersymmetry transformation 
rules, up to cubic fermion terms, are 

= -e^X , 

6^ = p;'re, . 
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(2.42) 



The covariant derivative of the supersymmetry parameter carries the Lorentz algebra 
valued spin connection and the Sp{l)fi connection, and the covariant variation of the 
2-form potential is defined as 

5,0.. = 5B,J - 2Y\^AlbA% , (2.43) 

such that we have the general variation formula 

^G'i.p = 39[,4ov.5.',] + ^^\bK^^K\ ■ (2-44) 
The field strengths are invariant under the gauge transformations 

5,0. Bl = 2dyX]-'^^AB^''F;^.- (2-45) 

2.5 The Action 

The field equations described above are derivable from the following action [33, 41] ^ 
e^'^ = R- ^guG^.G^""' - Ip^P^" - \p"P,r. 

- mABX^'rO^X'' + Ui,^^,Yx''P: - {i^],lul'V)P:^ (2.46) 

- \f^. [ruAB ^xY'l'X'' - m^AB rr"^"") , 

*In our conventions, the Minkowski metric is given by rjmn — diag.( — ,+,+,+,+, +), and the 
Clifford algebra is generated by {7m,7)i} = 27]„m- The Ricci tensor is defined as i?^™ = R^,y"^" e^. 
The 5^(1)^ indices are raised and lowered as A* = e'^^Xj, Xj = X^eij, with Cye''^ = 5'-, and the 
SOiriT) indices are raised and lowered with 6ab- Often we will suppress the Sp(\)ii indices, and use 
the notation = V'^Xi. The fermionic bilinears have the symmetry "07^1. ...;^„x = (^l)"X7Mn---A'i^' 
with the index contraction suppressed. 
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provided that the ( ant i-) self duahty conditions (2.29), (2.30) are imposed after the 
variation of the action with respect to the 2-form potential. In particular, the 2-form 
field equation, upon projections with Lj and Lj yields 

y^^^paa ^ pa^MP- _ ^£p-^^^'•^ m^ABFxrF/;^^ = , (2.47) 

up to fermionic contributions. These equations, in turn, agree with the results that 
follow from taking the divergence of the (anti-) self duality equations (2.29) and (2.30). 

The presence of the B A F A F term in the action is noteworthy. Since the 3-form 
field strength is Chern-Simons modified, normally it is not expected to arise in the 
action because in this case the 2-form potential transforms under Yang-Mills gauge 
transformations which typically do not leave invariant a term of the form B A F A F 
in the action. However, this term is allowed in magical supergravities due to the 
identity (2.3). 

3 Gauging a Subgroup of the Global Symmetry 
Group 

We begin with the building blocks needed for the gauging of a subgroup Go of the 
global symmetry group of the Lagrangian that utilizes a suitable subset of the ny 
vector fields that is dictated by the so called embedding tensor [42, 43, 44], which is 
subject to certain constraints. The global symmetry group of the Lagrangian (2.46) 
and hence the equations of motion that follow from it obviously contains the isometry 
group SO{nTi 1) of the tensor scalars. For the magical theories with tt-t- = 5 and 

= 3 it comprises an additional factor USp{2) and U{1), respectively, exclusively 
acting on the vector multiplets. In addition, all these theories have an Sp{1)r R- 
symmetry group and f/(l)"^ Abelian symmetry groups. 

Most of the formulas presented are very similar to the structures encountered in 
the gauging of the maximal supergravity in six dimensions [45] , we shall see however 
that in contrast to the maximal case, the construction for the magical theories allows 
only for a very limited choice of possible gauge groups. 
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3.1 Embedding Tensor and the Tensor Hierarchy 

The key ingredient in the construction is the general covariant derivative 

V^ = d,-A,^XA, (3.1) 

where 

Xa = Qa' tjj + Q/'tx + QA^t^ , (3.2) 

showing that the gauge group is parametrized by the choice of the embedding tensors 
Qa^"^ , ©a'^, and Qa"^- Here, tjj = are the SO{nT, 1) generators satisfying the 
algebra 

[tlJ,'tKL\ = 4:{r]i[KtL]j - VJlKtl]!) , (3.3) 

while the generators tx span the additional symmetries USp(2) and U{1) for ut = 5 
and nT = 3, respectively. The generators denote the isometries of the quaternionic 
Kahler manifold parametrized by the hyperscalars, including the Sp{l)fi R-symmetry. 
We will denote the group with generators (t/j, t^) hj Gt (see Table 1) and the group 
with generators by Gh- 

For transparency of the presentation we will first discuss the case of gauge groups 
that do not involve the hyperscalars, i.e. set Qa'^ = 0, and extend the construction 
to the general case with Qa"^ 7^ in section 4.2. 

Closure of the gauge algebra imposes the conditions [44, 46] 

[Xa.Xb] = —X[AB]'^'Xc, X(^AB)^Xc = 0, (3.4) 

where the "structure constants" Xab'^ = {Xa)b'~^ are obtained from the generator 
(3.2) evaluated in the representation TZ^ of the vector fields and are in general not 
antisymmetric in A and B. The proper non-abelian field strength transforming co- 
variantly under gauge transformations is given by the combination [43, 46] 

= J^i^u + XiBC)"^ Bj^^ , (3.5) 

where 

J-^i, = 2d[,A^^ + XyBc\^AlA'i . (3.6) 

The two-forms B^^ = B^^^^ transform in the symmetric tensor product of two vector 
representations (Tty (8> 'R-^)sym, and the non-abelian gauge transformations are 

5B^^^ = 2Vy,Xf -2X^^g^J + 2A^^5A^^ . (3.7) 
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Consistency of the construction imposes that the additional two-forms Bl^u required 
in (3.5) for closure of the non-abelian gauge algebra on the vector fields form a subset 
of the riT two-forms present in the theory. In other words, it is necessary that the 
intertwining tensor X(^bc)^ factors according to 

X(BC)'^ = '^BC^f ^ (3-8) 

with a constant tensor 9f such that with the identification Bj^^^ = Tj^^B^j^ the system 
of gauge transformations (3.7) takes the form 

2Vy,Ki - 2r%A^g^, , (3.9) 

with Scov defined in (2.43), and provides a proper covariantization of the Abelian sys- 
tem (2.45). This shows how the gauging of the theory in general not only corresponds 
to covariantizing the derivatives according to (3.1) but also induces a nontrivial de- 
formation of the 2-form tensor gauge transformations. In particular, 2-forms start 
to transform by (Stiickelberg)-shift under the gauge transformations of the 1-forms. 
Pushing the same reasoning to the three-form potential and the associated gauge 
transformations, leads to the following set of covariant field strengths 



III/ 



g^iy = 29[^A;^ + X[Bc]^AfA'^ + Bf^^ef , 

QiiupaA = 4:VipC^p^]A- (Xi)AB(QBp^gf^ + 69^-^Blp^Bp^]j 

+ ST'cDAf.A'^dpA^^ + 2T'aDXEF''A[p^A^^Ap'^A^f) , (3.10) 

with three- form fields Cp^pA- While the construction so far is entirely off-shell, the 
equations of motion will impose (anti-)self-duality of the dressed field strengths LjQj^j^p 
and LjQpj^p, respectively, whereas the three-form fields Cp^pA are on-shell dual to the 
vector fields by means of a first order equation 

with the metric vhab from (2.7). In particular, the three-form fields transform in the 
contragredient representation under the global symmetry group. Similar to the above 
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construction, their presence in the first equation of (3.10) is required for closure of the 
algebra on the two-forms.^ The hierarchy of p- forms may be continued to four- forms 
and five-forms which are on-shell dual to the scalar fields and the embedding tensor, 
respectively, see [46, 47], but none of these fields will enter the covariantized action 
and the tensor hierarchy can consistently be truncated to (3.10). 

The field strengths (3.5) and (3.10) transform covariantly under the full set of 
non-abelian gauge transformations 

Scov,aChupA = 3 ©[^A^p]^ + 6r^5 Ap]/ + 2r;^^ A'^ "H^i^p/ , (3.12) 

with gauge parameters A"^, A^, A^^a, the covariant variation Scov.BIj^^ as defined in 
(2.43), and 

Scov.Cf,i,pA = SC^ypA - 6 T^AB B[p„i5Ap]^ - 2r^^(r/)cD Af^A^ SA^^ . (3.13) 
The modified Bianchi identities are given by 

= WK^P^ (3-14) 

T^llJ^ipa] = ^^ABS[luJ^pa] + J^^^SfJ-'^P'TA ■ (3.15) 

Just as consistency of the gauge algebra on the vector fields above gave rise to the 
constraint (3.8), an analogous constraint follows from closure of the algebra on the 
two-forms: 

(Xa)/ = 2{efr%-0'"'{ri)AB) . (3.i6) 

Otherwise a consistent gauge algebra would require the presence of more than the 
(available) ny three-forms C^ypA- Recalling that the generator on the l.h.s. is defined 
by (3.2), this constraint translates into the relation 

e/^ = -rL^"^"", (3-17) 

^Strictly speaking, also the four- form field strength J-p,upa A needs to be corrected by a Stiickelberg 
type term carrying explicit four forms that arc on-shell duals to the scalar fields. For our present 
purpose we will ignore these terms as they are projected out from all the relevant equations of 
motion. 
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between the various components of the embedding tensor. Putting this together 
with (3.8) and the fact that is an invariant tensor, one exphcitly obtains the 
magical F-matrix identity (2.3). This shows in particular, that for values of ut 
different from 2, 3, 5, 9, the non-abelian gauge algebra does not close (in accordance 
with the appearance of the classical gauge anomaly in the action).^ Furthermore, this 
calculation gives rise to the linear relation 

^DC^lAB]'^ = '^^D[A^B]C^J - j) D[A^B]C^' ^ + ^D[C^AB]^ ■ (3.18) 

Using all the linear constraints (3.8), (3.16), (3.18), the quadratic constraint (3.4) 
finally translates into the following set of relations 

y D y E , y D y E , y D y E _ -pi y D nE (o i 
^[AB\ ^[CD\ + ^[CA\ ^[BD] + ^^IBC] -^[AD] — ^D[A^BC] ■ [^■^^) 

The first two relations turn out to be very restrictive. In particular, the first equation 
implies that 9^^ is a matrix of mutually orthogonal null vectors in (?T,j'+l)-dimensional 
Minkowski space, which requires that they are all proportional, i.e. 9^^ factorizes as 

giA ^ ^A^i ^ (3 20) 

with an unconstrained (commuting) spinor ("^ and ^^^j = . The second equation of 
(3.19) then has the unique solution (up to irrelevant normalization) = ^^^^(^(^ 
which defines a null vector by virtue of the identity (2.3). The same identity implies 
that the tensor 9^"^ is F-traceless: 

^AB^f = . (3.21) 

From these results one can already deduce some important facts on the structure of 
the gauge group. Let us decompose the gauge group generators as 

Xa = Xa + Xa, (3.22) 

according to (3.2) into the part acting within the isometry group SO{nT, 1) and the 
contribution of generators tx, respectively. Using (3.2), (3.17) and (3.20) together 
with the F-matrix algebra and the magical identity (2.3) we find 

V A _ /-D/-E/-F (-p \ A-pI pj 

= \C''C''eiXj)DEiT'V')F\Tj)Bc = T'bcO'^ . (3.23) 

^Note that this argument singling out once more the magical cases does not even rely on the 
existence of a supersymmetric action. 
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Comparing this to the hnear constraint (3.8) thus imphes X(^bc)^ = 0. Some closer 
inspection then shows that this furthermore imphes 



Xbc^ = . 



(3.24) 



Thus, within the vector/tensor sector, the gauge group entirely lives within the scalar 
isometry group SOijiT, 1), even in the cases tt-t = 3 and = 5, where the fuH 
global symmetry group of the action possesses additional factors. All other equations 
of (3.19) can then be shown to be identically satisfied. Summarizing, the possible 
gaugings of the magical theories are entirely determined by the choice of a constant 
spinor C,^ of the isometry group SOijir^^)- In the following we will discuss the 
possibility of inequivalent choices of and subsequently study the structure of the 
resulting gauge group. 

3.2 Spinor orbits 

With the gauging determined by the choice of a spinor, one may wonder whether there 
are different orbits of the action of SO{nT, 1) on the spinorial representation which 
would represent inequivalent gaugings. The orbits of spinors up to 12 dimensions 
were studied long ago by Igusa [48]. More recently the spinors in critical dimensions 
were studied by Bryant [49, 50], whose study uses heavily the connection between 
spinors in critical dimensions and the four division algebras M, C, H and O. 

Understanding of the structure of gauge groups we obtain as well as the connection 
to the work of Bryant on orbits are best achieved by studying the embedding of the 
symmetries of the 6D magical theories in the corresponding 5D supergravity theories 
obtained by dimensional reduction. Hence we shall first review briefly the 5D magical 
supergravity theories. 

Ungauged magical supergravity theories in five dimensions are Maxwell-Einstein 
supergravities that describe the coupling of pure N = 2 supergravity to 5, 8, 14 and 
26 vector multiplets , respectively. They are uniquely defined by simple Euclidean 
Jordan algebras , J^" , of degree three generated by 3 x 3 Hermitian matrices over 
the four division algebras A = M, C, El(quaternions), O(octonions). The vector fields 
in these theories , including the graviphoton, are in one-to-one correspondence with 
the elements of the underlying simple Jordan algebras. Their scalar manifolds are 
symmetric spaces of the form: 



Aut{J^) 



(3.25) 
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where StrQ^J^) and Aut{J^) are the reduced structure and automorphism group of 
, respectively, which we hst below [1, 2] 



5L(3,M) 

50(3) 
5L(3,C) 

5f/(3) ^3_2g) 
SU*{<6) ^ ' 

USp{6) 

-E'6(-26) 



They can be truncated to theories belonging to the so-called generic Jordan family 
generated by reducible Jordan algebras ( M © J^") where J2 are the Jordan algebras 
generated by 2 x 2 Hermitian matrices over A. The isometry groups of the scalar 
manifolds of the 5D theories resulting from the truncation follows: 

Stro[R © Jf] = S0{1, 1) X Spm (2, 1) C SL (3, M) 

Stro[R © J2] = 50(1, 1) X Spin (3, 1) C SL (3, C) 

Stro[R © J^] = 50(1, 1) X Spin (5, 1) C SU* (6) ^^'^^^ 

Stro[R © J^] = 50(1, 1) X Sptn (9, 1) C E6(-26) 

These truncated theories descend from 6D supergravity theories with = 2, 3, 5 and 
nT = 9 tensor multiplets and no vector multiplets. A general element of the Jordan 
algebras of degree three can be decomposed with respect to its Jordan subalgebra 
J 2 as 

;t(A) 

where ip{A) is a two component spinor over A 



m) = [ll) (3-29) 

and t represents transposition times conjugation in the underlying division algebra 
A. Using this decomposition it was shown in [51] that the Fierz identities for super- 
symmetric Yang-Mills theories in critical dimensions follow from the adjoint identities 
satisfied by the elements of that define the magical supergravity theories in five 
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dimensions [1, 2]. In the QD magical supergravity theories the tensor fields correspond 
to the elements of J^" and the vector fields are represented by the elements^ 



^{A) 
V^t(A) 



(3.30) 



The isometry group of the scalar manifold of a 6D magical supergravity is given by 
the reduced structure group Stroi^J^) of J^". They are well known to be isomorphic 
to the linear fractional groups SL(2, A) for A = M, C, EI : 

StroiJf) = Spin{2, 1) = SL{2,R) 

Stro{J^) = Spin{3, 1) = SL{2, C) (3.31) 
StroiJf) = Spin{5, 1) = SL{2,M) 

The isometry group Spin{9, 1) of the octonionic theory can be similarly interpreted 
using the Jordan algebraic formulation 

Stro{J2) = Spin{9, 1) = SL{2, O) (3.32) 

Orbits of the spinors appearing in Table 1 corresponding to the vector fields of 
6D magical supergravity theories under the action of the isometry groups 5'tro(J|') 
of their scalar manifolds were studied by Bryant using their realizations as two com- 
ponent spinors ip{A) over the underlying division algebras A. According to Bryant 
the entire spinor space ip{0) corresponding to a Majorana-Weyl spinor forms a single 
orbit under the action of Spin{9, 1) with the isotropy group Spin{7)(§)Ts [49, 50]: 

OrUmO)) = (3.33) 
Spm{7}(i)Ts 

where Tg denotes the eight dimensional translations. Similarly, the quaternionic 
spinor '^(EI) corresponding to a symplectic Majorana-Weyl spinor forms a single orbit 
under the action of Spin{5, 1): 



^The singlet vector field of the 5D theory represented by M corresponds to the vector field that 
comes from the 6D graviton. The bare graviphoton of the 5D Maxwell-Einstein supergravity is a 
linear combination of this vector field and the vector field that descends from the gravitensor of the 
6D theory corresponding to the identity element of the Jordan algebra of degree three. 
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Complex two component spinor ip{C) is a Weyl spinor and forms a single orbit of 
SL{2,C) = Spin{3,l) 

OrUmC)) = ^^^^ (3.35) 

J-2 

Restricting to real spinors one finds 

Or6ii(V^(M)) = ^I^iMl (3.36) 
Ti 

To summarize, in all cases there is a single spinor orbit, such that different choices 
of the spinor ("^ lead to equivalent gaugings. 



4 Structure of the gauge group and new couplings 

4.1 The gauge group in the vector /tensor sector 

With the above results, the gauge group generators (3.2) in the vector/tensor sector 
take the explicit form 

(Xa)b^ = (cr^C)(r"C)A(r,,)B^ , 
[XaY' = 4(cr[^c)(r^iC)A, (4.i) 

in terms of the spinor A simple calculation shows that 

{XaXb)c'' = 0, 
(XaXbXc)/ = 0, (4.2) 

i.e. these generators span an (n-r — l)-dimensional nilpotent abelian algebra^ and 
gauge {ut — 1) translations. Remarkably, this seems to be the only possible gauge 
group. Furthermore these (n^ — 1) translations can not lie strictly within the isometry 
group so(nT, 1), cf. (2.11) due to the appearance of central extensions of the gauge 
algebra as we explain below. 

Having seen above, that there is a single spinor orbit, all different choices of the 
spinor lead to equivalent gaugings and it will be useful to give a presentation of 
the generators (4.1) in an explicit basis. We will proceed with the analysis of the 

^Thc cubic nilpotency of the generators in the vector representation can also be seen by identifying 
this representation in the tensor product of two spinor representations. 
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maximal case = 9 from which all the lower magical theories can be obtained by 
truncation. For S0(9, 1), according to (3.33) the compact part of the little group of 
a spinor is an 50(7) under which the fundamental representations decompose as 

: 16c ^ 8+ + 7_ + 1_ , : 10 ^ 8o + I+2 + I-2 , 

A ^ {a,t,0) , I ^ («,+,-) , (4.3) 

with the subscripts referring to the S0{1, 1) charges in the decomposition (2.11). This 
basis corresponds to the spinor pointing in a given direction ("^ = |(0, 0, g^^^), such 
that the gauge group generators (4.1) take the explicit form 

in the 16 : (X„)^* = ^7^^ , (X„)^° = gSa^ , 

in the 10 : (X^)^" = -(X„)/ = (^^^^ , (4.4) 

with (antisymmetric) 5*0(7) gamma matrices 7^^ (t = 1, . . . , 7), and all other com- 
ponents vanishing. We have introduced an explicit coupling constant g that carries 
charge —3 under 50(1, 1) . 

In this basis, the full non-semisimple (nilpotent) structure of the gauge algebra 
(3.4) becomes explicitly: 

X^] = -g^ip Xt , Xi] = = [Xt, , Xo = . (4.5) 

The generators Xt thus act as central extensions of the algebra which vanish when 
evaluated on vector or tensor fields: (Xj)/"^ = = (X^)^"^, but which may have a 
non-trivial action in the hypermultiplet sector, as we shall discuss in section 4.2^. 

The structure of the centrally extended Abelian nilpotent gauge group is best 
understood by studying the embedding of the gauge group into the U-duality group 
of the corresponding ungauged 5Z) Maxwell-Einstein supergravity. For the excep- 
tional supergravity U-duality group is -E'6(-26) whose Lie algebra has a 3-graded 
decomposition with respect to the isometry group 50(9, 1) of QD theory: 

^6{-26) = i^i6. © 50(9, 1) X 50(1, 1)d © (4.6) 

where Tig^ denotes the 16 dimensional translational symmetries corresponding to 
Abelian gauge symmetries of the vector fields of &D theory. The generator A that 
determines the 3-grading of 50(9,1) ( see (2.11) ) leads to a 5-grading of -E'6(-26) 
so that D and A determine a 5 by 3 grading of -E6{-26) with respect to its 50(8) x 
50(1, 1)a X 50(1, 1)^) subgroup as shown in Table 3. 

^We should point out that a similar phenomenon of central extension of gauge groups arises also 
in AD supergravity theories obtained by dimensional reduction of 51?, N ^ 2 Yang-Mills -Einstein 
supergravity theories coupled to tensor fields [26]. 
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iVg. {S0{8) X S0{1,1)ax S0{1,1)d) Ng. 



Table 3: Above we give the 5 by 3 grading of -E'6(-26) with respect to the generators A 
and D respectively. Eight dimensional representations that are in triality are denoted 
as 8^, 8"" and 8^ 

Restricting to the Spin{7) subgroup such that S0{8) irreps decompose as 

8^ = 8 (4.7) 
8' = 7 + 1 
8^= = 8 

one finds that the 8 generators (Tq, + N^) , transforming in the spinor representation 
of Spin{7), form a centrally extended nilpotent Abelian subalgebra with 7 generators 
Tt acting as its central elements. They generate a nilpotent subgroup of F^_2o) which 
is a subgroup of 5D U-duality group -E'6(-26) • -^4(-2o) admits a 5-grading of the form: 

i^4(-20) = © 8_i © Spin{7) x S0{1, 1)© 8+i © 7+2 • (4.8) 

Thus the generators that gauge the centrally extended Abelian subalgebra in the 
embedding tensor formalism can be uniquely identified with the generators of this 
nilpotent subalgebra of -F4(_2o) 

X^ = T^ + N^, Xt = Tt, (4.9) 

where a = 1, 2, ■ ■ • , 8 and t = 1,2, ■ ■ ■ ,7. 

The quaternionic QD magical supergravity has SU*{6) as its 5D U-duality group 
which has a 3-grading with respect to its S'f/*(4) x SU{2) subgroup. The vector fields 
of the 6D theory transform as a symplectic Majorana-Weyl spinor of SU*{A) x SU (2). 
The analog of F^_2o) is the USp{4,2) subgroup of 5*^7* (6). The centrally extended 
nilpotent Abelian translation gauge group sits inside USp{4:, 2) which has the 5-graded 
decomposition 

USp{4, 2) = 3_2 © 4_i © SU{2) x S0{1, 1) © 4+i © 3+2 . (4.10) 
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As for the complex magical theory the bD U-duality group SL{'i^ C) has a 3- 
grading with respect to its 5'L(2,C) x f/(l) under which the vector fields of QD 
theory transform as a pair of complex Weyl spinors. The nilpotent gauge group sits 
inside the SU{2, 1) subgroup of SL{3, C) and has the 5-grading 

SU{2, 1) = 1_2 © 2_i © U{1) X S0{1, 1) © 2+1 © 1+2 . (4.11) 

The simple groups in which the centrally extended Abelian gauge groups of octo- 
nionic, quaternionic and complex magical theories can be minimally embedded satisfy 
the following chain of inclusions 

F4(_20) 3 USp{4, 2) X USp{2) D SU{2, 1) x U{1) (4.12) 

The fact that the method of embedding tensor formalism leads to unique centrally 
extended Abelian gauge groups for each of the magical supergravity theories is quite 
remarkable. Even though the "central charges" act trivially on the vector and tensor 
fields as must be evident from the above analysis they may have nontrivial action on 
the hyperscalars as will be discussed in the next section 

4.2 The gauge group in the hypersector 

We will now also allow for isometries of the quaternionic Kahler manifold to be 
gauged, i.e. consider the full generator (3.2) with non-vanishing 0^"^- The generators 
denote the isometries on the quaternionic Kahler manifold acting by a Killing 
vector field 

t^.^^ = J^^(0), (4.13) 

on the hyperscalars. It is straightforward to derive that under this transformation 
the Sp{1)r X Sp{nH) connections transform as 

tA-Q,i' = d,<l)''DxiSA)^ , t^-Qfi/ = d,<p''DxiSA)r\ (4.14) 

with 

{SaV = K^Ax^ + CA^', (Sa)/ = K^AxZ + Ca/ , (4.15) 

^"^We should note that the gaugings we presented arc quite different from Scherk-Schwarz type 
gaugings[52], obtained from a 3-grading of the symmetry group of a lower dimensional theory, whieh 
always include a generator from the grade zero subalgebra whereas ours do not. The gaugings above 
involve a subtle interplay between 3-grading and 5-grading and allow for central charges. Further- 
more Scherk-Schwarz gaugings are obtained from a higher dimensional theory and our gaugings do 
not have higher dimensional origins. 



24 



in terms of the functions Cya^ and C^i^/ defined in (2.25), (2.26), respectively, for the 
Kilhng vector field Kji^ . From this, we conclude that the fermion fields transform as 

tA-x1 = -{SAh'xh tA-A = -{S^Vi^s, etc. (4.16) 
Upon gauging, the gauge covariant derivative of the hyperscalars is given by 

1)^0^ = 9^0^ - gA^JCi , JCi ^ Qa^K^ , (4.17) 
and the gauge covariant derivatives of the fermion fields by 

= VX' + Q,''\f-A';;XcB^X''\ (4.18) 

Qf = L'^'^V^} , (4.19) 

= Ax'^ + A^'^C/^ (4.20) 

Q/^ = V^Ax^' + Ap/' 



with 
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= Ax'' + A^^C/\ (4.21) 

with the following definitions 



and similarly 



2nH 



C rs vX A rs , /-< rs 
C>A = I^A "^X + L-A , 



(4.22) 



(4.23) 



^"'^See [53] for a description of the 5- functions in the context oi G/H coset signia models in which 
an arbitrary subgroup of G is gauged. 
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The constraint analysis in the vector / tensor sector remains unchanged in presence of 
the t^, such that the gauge group in this sector still reduces to the set of (n^ — 1) 
Abelian translations as we have derived above. Gauge invariance of the new compo- 
nents 0^"^ of the embedding tensor on the other hand implies that 

[eA^tA,eB%] = -Xab'^Qc^U, (4.24) 

with the same structure constants Xab^ encountered in (3.4). It follows from (3.4) 
that 

eiAQ^-A = Q_ (4.25) 

Furthermore, using the explicit form (4.5) of the structure constants Xab'~' , "we find 
that 00'^ = and the gauging in the hypersector of the octonionic magical super- 
gravity corresponds to selecting 8+7 Killing vector fields /C^ = Qa'^Kj^^, /Cj = Qt'^Kj^ 
(not necessarily linearly independent), which satisfy the algebra 

[/C„, ICp] = -g^ip ICt , [/C„, /Ci] = = [/Ct, /C.J . (4.26) 

Thus, the generators associated with the full gauge group in the magical supergravi- 
ties, including both the vector-tensor and hyper sectors, are 

X^ = {X, + /C, ,/Ca, (4.27) 

The existence of a combination of Killing vectors that satisfy this algebra in its 
maximal form, i.e. with none of the generators set to zero, is a nontrivial constraint, 
since such an algebra does not necessarily lie in the isometry of the hyperscalar 
manifold. A trivial solution to the constraints (4.26) is given by setting K,a = = ICt 
in which case the gauge group simply does not act in the hypersector, and has the 
generators X^. A less trivial option is the choice /C^ = in which case the gauge 
algebra generators consist of Xa + ^a, and /Cq, can be chosen to be any set of up to 8 
commuting (compact, noncompact or nilpotent) isometrics, which may in particular 
include U{1)r subgroup of the Sp{l)ii R-symmetry group. 

In general, and in contrast to the vector/tensor sector, in the hypersector the 
generators JCt may act as nontrivial central charges of the gauge algebra. We can solve 
the constraints (4.26) by selecting an ideal X inside the algebra A defined by (4.26), 
representing all generators in X by zero, and embedding the quotient A/I into the 
isometry algebra of the quaternionic manifold. (The solution considered above where 
ICt is set to zero is a particular example of this procedure). In this case the generators 
will be embedded among the positive root generators. For a coset manifold and its 
representative in the corresponding triangular gauge, their action does not induce 
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a compensating transformation acting on the fermions, implying that the matrices 
{SA)i^, (Sa)/ of (4.15), (4.16) vanish. 

As an illustration we give some examples of embeddings of the nilpotent gauge 
groups with nontrivial central charges into simple quaternionic Lie groups 

• As we discussed above, the nilpotent gauge algebra (4.26) of the octonionic 
magical theory with all seven )Ct non-vanishing can be embedded into the Lie 
algebra of the group -F4(_2o) which admits a five grading according to (4.8) 

7„2 © 8_i © Spin{7)o © ^0(1, l)o © 8+i © 7+2 , (4.28) 

with the obvious embedding of (4.26) as the generators of positive grading. 
The group F^_2o) may be embedded into the isometry group of the coset space 
-£'6(-26) /-^4 and via the chain along the first line of table 1 further into the 
isometry group of the quaternionic Kahler manifold -E'8(-24) / {E7 x SU (2)) . With 
hyperscalars in this particular quaternionic Kahler manifold, the algebra (4.26) 
can thus be realized. Interestingly, this manifold is precisely the moduli space 
of this magical theory without hypers upon dimensional reduction to D = 3 
dimensions, cf. table 1. The corresponding QD theory is anomaly free as we 
will discuss later and the scalar manifold of the resulting ungauged 3D theory 
is doubly exceptional 

The quaternionic symmetric space of minimal dimension whose isometry group 
has -F4(„2o) as a subgroup is 

^'^-'^ (4.30) 



50(12) X SU{2) 

However, -E'7(-5) does not have -E6{-26) as a subgroup and the QD octonionic mag- 
ical theory coupled to hypermultiplets with this target manifold is not anomaly 
free. 

An example of a non-maximal realization of (4.26) for the octonionic magical 
theory, is given by selecting one of the central charges, i.e. splitting {ICt} = 
{/C, /Cf} and setting the ideal X spanned by the six K.^ to zero. According to 
the structure of the 5*0(7) gamma matrix in the structure constants (upon 
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breaking SO (7) down to the SO (6) defined by /C) the quotient A/X is given by 
the algebra 



[}Ca,)C,] = = [/C^/C^], [/C/C] = gS^JC. (4.31) 

This algebra can e.g. easily be embedded into the quaternionic Kahler manifold 
SU{4:, 2) / S{U (4) X U{2)), whose isometry group admits a five grading according 
to 

1„2 © (4 + 4)_i © f/(3, l)o © 0(1, l)o © (4 + 4)+i © 1+2 , (4.32) 
with the obvious embedding of (4.31) as the generators of positive grading. 

According to (4.10) the nilpotent gauge algebra of the quaternionic magical 
theory can be embedded into the Lie algebra of USp{4, 2) which is quaternionic 
real. Therefore the quaternionic symmetric space of minimal dimension whose 
isometry group includes the nilpotent gauge group with all three central charges 
is 

USp{4) X USp{2) ^ ■ ' 

If we require the isometry group of the hypermanifold to have the corresponding 
5-D isometry group SU*{6) as a subgroup we can follow the chain along the 
second line of table 1 further to the target manifold 

^'^-'^ (4.34) 



50(12) X SU{2) 



The scalar manifold of the ungauged quaternionic magical theory coupled to 
this hypermatter has the double exceptional isometry group 



S'0(12) X SU{2) S0{12) X SU{2) 
in three dimensions. 

For the complex magical theory according to (4.11) the nilpotent gauge group 
embeds into SU{2, 1) which is quaternionic real. Thus the minimal hyperman- 
ifold in this case is 
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Going along the third row of table 1 we can also couple the theory to hyper- 
multiplets with the target manifold 



^ (4.37) 

SU{6) X SU{2) ^ ' 

Again the corresponding 3-D target space with this hypersector is doubly ex- 
ceptional. 



4.3 Gauging of R-symmetry 

In presence of hypermultiplets, the R-symmetry Sp{1)r is embedded into the isome- 
trics on the quaternionic Kahler manifold and its gauging is a particular case of the 
construction discussed in the previous section. In absence of hypermultiplets, the 
i?-symmetry acts exclusively on the fermions and may be included in the gauging by 
extending the gauge group generators (3.2) to 

Xa = Xa + Q/'U, = Xa + U, (4.38) 

with tij representing the Sp{l)ii generators. In complete analogy to the calculation 
leading to (4.24) one derives the conditions 

[U,^b] = -Xab^'^c, (4.39) 

from which we find that the most general gauging in absence of hypermultiplets is 
given by 

Xa = Xa + WUj, Xt = = Xo, (4.40) 

with Xa from (4.4) and constant C,a and selecting a U{1) generator within Sp{1)r . 
All formulas of the previous section apply, in particular the connections on the fermion 
fields are still given by (4.18), upon setting all hyperscalars to zero and with constant 
Cai-' = iaCi^ ■ The gauge algebra is still of the form (4.5) but with Xt set to zero, i.e. 
[Xa,X^] = 0, with Xa from (4.40). 



4.4 Gauged Magical Supergravities 

Putting together the ingredients described in previous sections, and following the 
standard Noether procedure, we find that the action for gauged magical supergravity. 
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up to quartic fermion terms, is given by 

(4.41) 

- \'3i {^AB ^AaT^'T^A^ - niaAB X^T^'A^) + £top + /^Yukawa + C^ot , 

where £top is the gauge invariant completion of the B A F A F term and its variation 
is 

+ j^e^'^^'^'^'^ of {G^upcrA^covBxrl — f'H^^yp ^covC'crAr a) • (4.42) 

and the Yukawa couphngs and the scalar potential are given by^^ 



e-^£Yukawa = i^l^Xt O'^'mABLl - ^J^iY^f + r'y^f O'^'LiTJlaAB 

- X- A/ Acm^^ C'i - 2V^,Af V^X^ , (4.43) 

e-^£potcntiai = ~{9'^9'''mABgij + CAijC'im^'') ■ (4.44) 

The functions gu, itiab and are defined in (2.6), (2.7) and (4.22), respectively, 
and the gauge covariant derivatives of the fermions in (4.18). 

The local supersymmetry transformations of the gauged theory, up to cubic fermions 

^^For the tit = 5 theory and in absence of hypermultiplets these couphngs have been obtained 
in [54] by truncation from gaugings of the maximal theory [45] . 
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terms, are 



6e; = -e^^^lj, 

1 

48 

2 24 (445) 

5Li = ex'^L'^j , 



In establishing the supersymmetry of the action, it is important to recall that the 
(anti)self-duality equations 'H'^^p = and "H^'^ = are to be used after varying the 
action. In carrying out the Noether procedure, it is also useful to note that the gauge 
covariant scalar currents 



P« = L^'^V^Li , V;' = VpcP^'V^ , (4.46) 



satisfy the relations 



%^"] = -2•^i<^A^ Ca'' = X'/L'}Lj, (4.47) 

= -J'^uCa, C2 = Qa-^K^V;1 . (4.48) 

Also encountered in the Noether procedure are the curvatures associated with the 
connections defined in (4.19) and (4.20) which take the form 

Q-t = -^K'^t] - J'^.Ca"', Ca''' = X'/L^iL'j, (4.49) 

Q^J = 2VllV,^„ + J'iSA^ , (4.50) 
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with SAi-' from (4.22). In the course of Noether procedure, it is also useful to note 
that the curvature J-"^ occurring in equations (4.47)-(4.50) can be replaced by 
by exploiting the constraint (4.25). 

As emphasized above, the (anti)self-duality equations on the projections of "H^j^p 
are to be imposed after the Euler-Lagrange variation of the action with respect to all 
fields. Indeed, the field equation for C^^pA, which has no kinetic term and it appears 
in the action only through £top and the Q^^^ dependent terms, is identically satisfied 
provided that the stated (anti) self-duality equations are used. Varying the action with 
respect to Bj^^, on the other hand, again modulo the (anti)self-duality conditions and 
their consequences, give precisely the duality equation (3.11). Another salient feature 
of the action is that the scalar potential is a positive definite expression. Using the 
explicit parametrization of SO{nT,l) given in (2.12) and the basis (4.4), the scalar 
potential takes the form 

e-^£potentiai = -^'e^"- - ^e^'' {C^ + ^^^€1')' - ^c^ C, , (4-51) 

with the functions C^, Cl^ from (2.25) defined for the Killing vector fields satisfying 
the algebra (4.26). It follows immediately from the e'^ powers, that for €]■' = this 
potential does not admit extremal points. 

We can gain more insight to the nature of the new couplings, by observing that in 
the normalization of generators given in (4.5) the covariant field strengths (3.5) take 
the explicit form 

= 29[,A°], 

= 2d[,A%+gB;^, (4.52) 
and the minimal couplings of vectors to tensors are explicitly given by 

'^^^B~p = d^B'p - gA'^B^p , 

= d.Btp. (4.53) 

In the explicit parametrization (2.12) and in the basis defined by (4.4), the various 
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components of the kinetic matrices gu and rriAB take the exphcit form 

9+- = e-^W^, = (e'^ + e-^V^)', = e-2^ 

?tIq/3 = (e'^ + e'^'ip'^ipa) , ?Titn = |e"'^(5f„ , moo = |e"'^ , 

ma = e'^if'^ , rrioa = ^e'^^pa , (4.54) 

respectively. The modified scalar currents (4.46) also take a simple form 

= e-- {d,^^ - gA^) = Qf , = d,a , (4.55) 

and the modified integrability condition (4.47) and the curvature (4.49) read 

Qi" = 2P£5,]a -ge-'^Ql, , (4.56) 

The above formulae exhibit intricate couplings of vector and tensor fields, and the 
nature of the shift symmetries that have been gauged. 

5 Conclusions and discussion 

In this paper we have determined the possible gaugings in magical supergravities in 
6-D, which are supergravities with 8 real supersymmetries coupled to a fixed number 
of vector and tensor multiplets, and arbitrary number of hypermultiplets. We have 
employed the embedding tensor formalism which determines in a systematic fashion 
the appropriate combination of vector fields that participate in the gauging process. 
It turns out that the allowed gauge group is uniquely determined in each case and 
the underlying Lie algebra, displayed in (4.5), is nilpotent generated by (n^ — 1) 
Abelian translations with (n^ — 2) central charges. Due to these central charges, 
the translation generators can not lie strictly in the isometry algebra so(nT, 1) acting 
on the scalar fields of the tensor multiplets. The central charges do not act on the 
vector/tensor sector , but may act nontrivially in the hypersector. We analysed the 
possible embeddings of the nilpotent gauge group into the isometry groups of the 
quaternionic Kahler manifolds of the hyperscalars. Since R-symmetry S'piV)^ is part 
of the isometry group of the hyperscalars, the embedding of the gauge group into the 
isometries on the quaternionic Kahler manifold determines whether f/(l)R subgroup 
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of Sp{1)r can be gauged such that it acts nontrivially on the fermions. In absence 
of hypermultiplets, the i?-symmetry acts exclusively on the fermions and one can 
use a linear combination of the Abelian gauge fields to gauge U{1)r such that it 
acts nontrivially on the fermions. It will be interesting to investigate if and how 
the gaugings obtained by dimensional reduction from these theories fit into existing 
classifications. 

Despite the simultaneous appearance of both Chern-Simons modified 3-form field 
strengths as well as generalized Chern-Simons terms, the gauged magical supergrav- 
ity theories we have presented are truly gauge invariant. While arbitrary number of 
hypermultiplets are allowed, the special number of vector and tensor multiplets is 
crucial for this invariance. Indeed, coupling of any additional vector (and/or tensor) 
multiplets would impose stringent constraints on the Chern-Simons coupling of the 
vectors to tensors. Existence and construction of theories satisfying these constraints 
that can be interpreted as extensions of magical supergravities remains to be inves- 
tigated. The failure to satisfy these constraints would give rise to classical anomalies 
which then should satisfy the Wess-Zumino consistency conditions. 

Turning to the magical gauged 6D supergravities we have constructed here, while 
truly gauge invariant, they may still have gravitational, gauge and mixed anomalies 
at the quantum level, owing to the presence of chiral fermions and self-dual 2-form 
potentials. As is well known, the gravitational anomalies are encoded in an 8-form 
anomaly polynomial which, in general, contains terms of the form (tiR^) and (tri?^)^. 
The first kind of terms must necessarily be absent for anomaly freedom. In presence 
of ny vector multiplets and Uh hypermultiplets, it is well known that this imposes the 
condition uh = 273 + ny — 29nT- From magical supergravities, this condition is sat- 
isfied with multiphcities {riT.nv .uh) given by (9,16,28) ,(5,8,136) ,(3,4,190) and 
(2,2,217), respectively [55]. Once the condition for the absence of the (tri?^) terms 
is satisfied, the total gravitational anomaly polynomial (in conventions described in 
[56]) becomes fig = -^s^^t - 9) {ti R^f , with ii = ti R A R. The full gravi- 
tational anomaly vanishes identically for the octonionic magical supergravity, with 
{riT.ny.nH) multiplicities given by (9,16,28). However, in presence of gaugings, 
there will still be gauge and mixed anomalies. In the gauged magical supergravi- 
ties with ut = 2, 3, 5, the purely gravitational anomaly will be present as well. The 
determination of the full set of anomalies and the possible elimination by suitable 
Green-Schwarz-Sagnotti type mechanism [57, 31] in gauged magical supergravities is 
beyond the scope of this paper, and will be treated elsewhere. A detailed analysis is 
expected to contain elements similar to those encountered in [58] in their treatment 
of anomalies in gauged = 1 supergravities in 4D in which the embedding tensor 
plays a key role as well. 
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Since their discovery higher dimensional and/or stringy origins of magical super- 
gravity theories , which are invariant under 8 real supersymmetries, have been of great 
interest. Largest magical supergravity defined by the exceptional Jordan algebra 
has groups of the E series as its U-duality group in 5, 4 and 3 dimensions just like 
the maximal supergravity with 32 supersymmetries , but are of different real forms. 
The authors of [39] posed the question whether the exceptional AD Maxwell-Einstein 
supergravity can arise as as the low energy effective theory of type II superstring 
theory compactified over some exceptional CalabiYau manifold. In the mathematics 
literature this was posed as the question whether the scalar manifold Eqxu{i) 
exceptional AD Maxwell-Einstein supergravity theory could arise as moduli space of 
deformations of Hodge structures of a Calabi-Yau manifold [59] . If elliptically fibered, 
F-theory on such a Calabi-Yau threefold would then lead to the largest QD magical 
supergravity as its low energy effective theory. 

The maximal supergravity and the largest magical supergravity defined by the 
octonionic Jordan algebra have a common sector which is the magical supergravity 
theory defined by the quaternionic Jordan algebra J^. As was pointed out in [17, 21] 
the low energy effective theory of one of the dual pairs of compactifications of IIB 
superstring to AD studied by Sen and Vafa [16] is precisely the magical N = 2, 4D 
Maxwell-Einstein supergravity theory defined by the quaternionic Jordan algebra 
without any hypermultiplets^'^. Since the construction of dual pairs in Sen and Vafa's 
work uses orbifolding on T"^ x x S^, one can use their methods to construct the 6D 
quaternionic magical theory from IIB superstring directly. Whether one can obtain 
the gauged quaternionic magical theory constructed above by turning on fluxes is 
an interesting open problem. The complex magical supergravity defined by can 
be obtained by truncation of the quaternionic theory to a subsector singlet under a 
certain f/(l) subgroup. In [18] some hypermultiplet-free N = 2, 4D string models 
based on asymmetric orbifolds with world-sheet superconformal symmetry using 2D 
fermionic construction were given. Two of these models correspond to the magical 
supergravity theories in 4D defined by the complex Jordan algebra with the moduli 
space 

^^(3,3) 

^ SU{3) X SU{3) X U{1) ^ ' 



^■^This follows from the fact that the bosonic sector of the N — 2 supcrsymmctric compactification 
, in question, coincides with that of A'^ = 6 supergravity. Unique AD Maxwell-Einstein supergravity 
theory with that property is the quaternionic magical theory [1]. 
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and the quaternionic theory with the AD moduh space 



Direct orbifold construction of the exceptional supergravity theory from superstring 
theory without hypermuhiplets has so far proven elusive. In [17, 21] it was argued that 
an exceptional self-mirror Calabi-Yau 3-fold must exist such that type II superstring 
theory compactified on it leads to the exceptional supergravity coupled to hypermul- 
tiplets parametrizing the quaternionic symmetric space -E8(-24) /-E'? x SU{2). This 
was based on the observation by two of the authors (MG and ES) that there exists a 
six dimensional (1,0) supergravity theory, which is free from gravitational anomalies, 
with 16 vector multiplets, 9 tensor multiplets and 28 hypermultiplets, parametrizing 
the exceptional quaternionic symmetric space i?8(-24) /-E'7 x SU{2), which reduces to 
the 4D supergravity with scalar manifold 

■^-^ = idwi) " X SC/(2) 

, and the fact that the moduli space of the FHSV model [60] is a subspace of this dou- 
bly exceptional moduli space. The authors of [19] reconsidered the string derivation 
of FHSV model over the Enriques Calabi-Yau manifold, which corresponds to a 6D, 
(1,0) supergravity theory with tlt = 9, uh = 12 and ny = 0, and argued that the 
octonionic magical theory defined by admits a string interpretation closely related 
to the Enriques model and 16 Abelian vectors of the octonionic magical supergrav- 
ity theory in QD is related to the rank of Type I and heterotic strings. In mathe- 
matics literature, Todorov [20] gave a construction of a Calabi-Yau 3-fold such that 
Type IIB superstring theory compactified over it leads to the magical 4D Maxwell- 
Einstein supergravity theory defined by the complex Jordan algebra coupled to 
(/I'-^'^^ + l) = 30 hypermultiplets. Whether his construction can be extended to obtain 
a Calabi-Yau 3-fold that would lead to the AD exceptional Maxwell-Einstein super- 
gravity theory defined by J® coupled to hypermultiplets is an open problem. As 
stated above if such an exceptional Calabi-Yau 3-fold exists and is elliptically fibered, 
then F-theory compactified over it is expected to be described by the 6D octonionic 
magical supergravity theory coupled to hypermultiplets. 
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